We consider typical problems of the field called the finite time thermodynamics (also called the optimization thermodynamics). We also outline selected formal methods applied to solve these problems and discuss some results obtained. It is shown that by introducing constraints imposed on the intensity of fluxes and on the magnitude of coefficients in kinetic equations, it is possible not only to investigate limiting possibilities of thermodynamic systems within the considered class of irreversible processes, but also to state and solve problems whose formulation has no meaning in the class of reversible processes.
Problems and methodology of thermodynamic optimization
Development of applied thermodynamics stems principally from work of Sadi Carnot [1] , which was associated with the investigation of limiting possibilities of thermodynamic systems. For years, these investigations were focused on problems of maximum thermal efficiency or the efficiency of energy exploitation in heating and cooling machines, separation systems, chemical processes, etc. In idealized modelling applied in past years, maxima of efficiency have been achieved in reversible processes in which fluxes of energy and components in the system are sufficiently small (in fact, infinitesimal) or when the coefficients of heat and mass transfer (and, possibly, other transfer coefficients)
1. What is the extent of lowering of limiting efficiency in a thermal machine whose power yield is not lower than a prescribed power yield and the heat exchange coefficients are fixed? 2. What is the influence of laws of heat exchange, which link heat fluxes with temperatures of heat sources and temperatures of working body (kinetics of heat exchange)? 3. How high is the limiting power of a thermal machine for given heat exchange coefficients?
Further development of finite time thermodynamics was stimulated by a great deal of work of many investigators. Here, we list merely names of several first researchers: R.S. Berry, B. Andresen, K.-H. Hoffmann, P. Salamon, L.I. Rozonoer, and some others . Let us briefly introduce the reader to typical problems of optimizing thermodynamics:
1. Minimizing irreversibility in typical thermal, chemical and diffusional processes for a prescribed measure of the process intensity. 2. Minimizing irreversibility in multi-stream (multi-flux) heat exchangers with the constrained surface of heat exchange area and for a given heat loading. 3. Determining the limiting power of a thermal machine (maximum power, maximal efficiency for a given power, the set of realization regimes on the plane power-heat consumption) 4. Evaluating the limiting possibilities of cooling cycles and heat pumps. 5. For processes of separation of mixtures: calculating the maximal productivity, maximal efficiency for a fixed productivity, and determining the set of possible realizations in the plane productivity-heat losses as well as the sequence of component separations.
(a) General methodology
In the optimizing thermodynamics, possibility and admissibility of division of a global system into a number of spatially homogeneous subsystems is assumed. However, in each subsystem, for an arbitrary instant of time, deviations of intensive variables (temperatures, pressures, concentrations, etc.) from their volumetric averages occur at subsystem boundaries. Consequently, despite the subsystems individual homogeneities, the whole system is in a state of disequilibrium. This assumption allows for exploiting thermostatic state equations in subsystems' formal descriptions; however, these state equations are valid only at equilibrium conditions. In the accepted scheme of modelling, the dynamics of subsystems can be described by ordinary differential equations, whose solving techniques apply tools of the optimal control theory for lumped parameter systems. The first step in the investigation of limiting possibilities of thermodynamic systems is the formulation of balance relations for mass, energy and entropy. This is important, because from these balance relations, an expression describing the entropy production (dissipation σ ) is derived. The entropy production expression characterizes the process irreversibility, a quantity which vanishes if all processes in the system undergo reversibility. The entropy production subsumes the effect of all kinetic relations and driving forces in the system. Non-negativeness of dissipation determines a set or dissipation manifold of possible realizations in the parameter space of input and output fluxes. Clearly, all reversible processes occur exclusively on the boundaries of this set (dissipation manifold).
When a minimum possible dissipation is found as a function of flux intensities, then the inequality σ ≥ σ min holds in an arbitrary real system; this contracts the region of realization. In this formulation, the set obtained incorporates the effects of process kinetics, magnitude of fluxes and the system's extent (due to the presence of heat and mass transfer coefficients).
The second step constitutes the use of balance relations for the derivation of links between various indices of the system's effectiveness and dissipation σ . Not surprisingly, natural indices of effectiveness worsen steadily with σ and attain their best values in a reversible process. This leads to evaluations similar to those made for Carnot efficiency, which can be performed for processes of very diverse nature.
The third step is the most difficult one. It involves achieving such process organization for which dissipation is minimal at prescribed constraints. The minimal dissipation is obtained as a function of flux densities.
Thermodynamic balances
Thermodynamic balances define the link between fluxes of components, energy and entropy, as quantities which participate in exchange processes between the surrounding medium and the rates of change of these quantities in the system [5] . In the further text, we shall sum up all fluxes considering incoming fluxes as positive and outgoing fluxes as negative. We shall also distinguish between convective and diffusional fluxes, designating the latter with the subscript d. Convective fluxes enter the system and are necessarily taken out of the system. Unlike a convective flux, a diffusional one depends on the difference between the intensive variables of the system at the exchange boundary and the intensive variables of the environmental medium.
Further on we shall use the following notation: j, stream index; e j and v j , molar internal energy and volume of corresponding stream; p j , stream pressure; h j = e j + p j v j , molar enthalpy; h dj , enthalpy of stream moving diffusively; q j , jth flux of heat; N a , power yield of ath system; g j , molar consumption of jth substance.
Below we display the general form of balance equations. 
where n iv = −a iv Wv, intensity of creation of ith substance in v-j reaction; T v , temperature of v-j reaction. When mass diffusion fluxes are absent, then in a stationary system
Heat fluxes released or adsorbed in chemical reactions, which depend on rates of these reaction, are included in this scheme.
When cyclic processes are considered, balances are written not for every time instant but rather they are averaged for one working cycle of the unit. As the system state is the same at the beginning and at the end of the cycle, general change of energy, mass and entropy per cycle is equal to zero. In this case, balances are broken down to the system of relations which link cycle-averaged components appearing on the right-hand sides of equations (2.1)-(2.3).
Connection between the effectiveness of thermodynamic systems and the entropy production
Equations of thermodynamic balances allow one to follow the link between process effectiveness, entropy production σ , external fluxes and the structure of the system. Increase of σ leads to the increase of entropy outgoing fluxes. This increase decreases the temperature of outgoing fluxes or increases the leaving flux of heat for the prescribed temperature. In every case, this effect leads to the reduction of the mechanical work yield or to an increase of the separation work. Consider, for example, a thermal machine, i.e. the unit which transforms into work the heat received from an 'upper' or hot reservoir, i.e. the reservoir of high temperature T + (heat source). The state of the circulating working body is changing cyclically; the working body delivers a part of its energy to the 'lower' or cool reservoir, i.e. the reservoir of low temperature T − (heat sink).
We shall designate averaged intensity of heat flux transferred from hot source by q + ; the corresponding averaged intensity of heat flux transferred to cold source is designated by q. The efficiency index, which is, in fact, the first law efficiency, η = p/q + , is defined as the ratio of work produced and driving heat q + .
Let us consider the effect of σ on η. The balance equations for energy and entropy are
and Vanishing right-hand sides of these equations correspond to the fact that the state of working body either generally does not change in time (vapour and gas turbines) or changes cyclically (vapour machines).
Thermal efficiency η = p/q + follows from equation (3.1) in the form
On the other hand, as follows from equation (3.2)
Therefore,
Thermal efficiency η is equal to Carnot efficiency when any irreversible phenomena are absent in the system. Whenever a quantitative estimation of entropy production is possible, i.e. one can find σ 0 such that σ > σ 0 > 0, then an improved estimate for efficiency η can be obtained by substituting σ 0 into any of the two expressions of equation (3.3).
Application of thermodynamic balances for identification of the realization regime
Let us focus on a stationary process. In this case, equations (2.1)- (2.3) and the inequality σ > σ min lead to the following conditions to be satisfied by realizing values of the steady-state variables:
Working with this example, we should realize that the quantity σ min depends on magnitudes of fluxes, heat and mass transfer coefficients, hydrodynamics within apparatuses, etc.
Processes with a minimal dissipation
In this section, it is necessary to determine conditions under which thermodynamic processes exhibit minima of dissipation for a prescribed average intensity (prescribed averaged value of driving forces). The class of processes with a minimal dissipation is not less important than the classical class of reversible processes.
Conditions for minimum dissipation
For an ith subsystem, we shall introduce intensive variables, u i , and extensive variables, x i . In a general case, these variables are of vector nature. When two subsystems contact each other, the difference between u 1 and u 2 leads to appearance of a flux 
The difference between vectors u 1 and u 2 (of the same sign as flux J j ) leads to appearance of driving forces X j . Each force defines exclusively u 1j and u 2j , satisfying conditions analogous to those in equation (6.1). Entropy production σ , which characterizes the process irreversibility, is equal to the scalar product of the flux vector and the driving force vector. Average value of σ , designated byσ , is described by the formulā
where the independent variable l can be interpreted as a space time or a contacting area measure. The integrand of this functional is defined non-negatively. We shall assume that in our algorithm (at least) one intensive variable appears, by definition u 2 (l), which may assume its values from within a certain manifold V. Yet, because of the variability of extensive variables of the first subsystem (dY 1j /dt = −J j (u 1 , u 2 )), the second variable changes in accordance with the formula
Average values of all or some selected fluxes are prescribed
Further on we consider only the case of a scalar flux. The problem for vector fluxes and its solution is considered with details in [32, 33] .
The scalar flux problem involves minimizing of the integral
subject to constraining conditions
The problem (6.5)-(6.7) simplifies in an important case when the rate of change of variable u 1 is proportional to the flux
(6.8)
In this case, the condition of minimal dissipation assumes the form 9) whereas the condition of prescribed flux intensity can be written as 
Conditions of minimal dissipation of selected processes
As an example, we shall concretize forms of conditions of minimal dissipation in processes of heat exchange. We shall assume the temperature of the heated body as the controlling intensive variable. The (Onsagerian) driving force in the problem of minimal dissipation for a heat exchange process is
whereas the heat flux is q(T 1 , T 2 ). In the majority of cases, we may assume the energy balance in the form
where c 1 (T 1 ) is the heat capacity of the hot source. For a process developing in time, the independent variable l is a measure of chronological time or space time. Quantity L measures the process duration. For a pipe heat exchanger, in which temperature of hot stream changes in sequential cross sections, quantity c represents aquatic equivalent of the flowing stream (product of mass flux and specific heat capacity), whereas L is simply the total length of the exchanger.
In agreement with conditions (6.9) and (6.10) describing the minimum dissipation subject to a prescribed average intensity of heat fluxq, we can obtain a set of conditions for minimum dissipation in a process governed by an arbitrary law of heat transfer
The first of these conditions determines T * 2 (T 1 , λ 2 ), the second, T 1 L , and the third, constant λ 2 . For the Newtonian law of heat transfer
with a constant heat capacity (aquatic equivalent) c, we obtain from conditions (7.2)-(7.4)
Therefore, for an arbitrary l of an optimal process, the ratio T 1 /T 2 should be constant. This constant equals
As follows from equation (7.4), T 1L = T 10 −qL/c. Finally, the condition (7.4) leads to the following equality:
Substituting equations (7.7) and (7.8) into the expression Table 1 presents analogous conditions of minimal dissipation for some well-known processes and corresponding expressions for minimal entropy production.
Conditions of minimal dissipation simplify the estimation of limiting possibilities of thermodynamic systems. This case takes place, for example, in a multi-flux heat transfer [34] , the system feed with k heating fluxes of temperature T i0 and aquatic equivalents W i . Summary heat loadq and overall coefficient of heat transferᾱ are fixed. Control variables are the parameters of heated streams, the system's structure and the distribution of heat transfer coefficients.
Minimal admissible entropy productionσ min in the system is achieved when the following conditions are satisfied. In particular, for Newtonian heat transfer, computational relations assume the form
The system in which the entropy production calculated with parameters of all fluxes
is lower than a certain valueσ * cannot be realized (exist) in reality. Analogous relations can easily be obtained in the case when the inlet parameters of heated fluxes are prescribed.
Thermal machines and heat pumps [2,3,17-21]
Finite coefficients of heat transfer between heat sources and working body, α i , constitute the irreversible factor influencing power yield of engines and productivity of heat pumps. Substituting minimal possible entropy production into equation (3.3), we can obtain a condition determining the maximum power in terms of consumption of driving heat:
As σ min (q + ) grows faster than q + , there exists a maximum of power in the regime of process realization. For the minimum of entropy production, it is necessary that conditions of minimum dissipation (determined by heat transfer kinetics) are satisfied at each instant of contact of the working body with sources (reservoir fluids). For any source of an infinitely large heat capacity, the temperature of the working body, contacting with this source, should be constant. Moreover, for the Newtonian kinetics, ratios of temperatures of the working body and the temperatures of source should be constant. Therefore, the temperature of the working body needs to change proportionally with the temperature of the source if the latter changes because of the finiteness of the source's capacity.
(a) Thermal machine
For sources of an infinite capacity and an arbitrary heat transfer kinetics, the optimal cycle of a thermal machine with maximum power needs to be composed of two isotherms and two adiabates. It has been shown that the efficiency corresponding to the maximum power and Newtonian kinetics, η nca , called the Novikov-Curzon-Ahlborn efficiency, is independent of heat exchange coefficients a i . In fact, for an endoreversible system with Newtonian kinetics the maximum power efficiency, η nca , is only a function of Carnot efficiency Figure 1 . Power of thermal machine as a function of driving heat flux.
In this case, the maximum difference between η C and η nca is achieved when the ratio of absolute temperatures of cold and hot sources equals 0.25, whereas η C = 0.75. For power yields lower than the maximum possible yield, a maximum efficiency of the thermal machine working with infinite sources (reservoirs) can be described by the following equation:
where an overall heat transfer coefficient α is defined by the well-known equality
which includes purely dissipative Fourier-Onsager transfer without any power yield. It is easy to show that for p → 0 the efficiency η approaches Carnot efficiency, whereas power yield at the maximum power point equals
Corresponding thermal efficiency, η, approaches the efficiency value obtained by Novikov, Curzon and Ahlborn, equation (8.2) .
The nature of the set of realization regimes is shown in figure 1 . Analogous results are obtained for heat pumps. In this case, the set of realization regimes is a parabolic manifold which is convex downwards and not constrained. This case is connected with the expenditure of mechanical rather than thermal energy.
Rectification processes
In separation processes, energy is consumed to obtain separation work equal to an increase of the free energy of streams leaving the system in comparison to the free energy of entering stream of mixture. The consumed energy may be mechanical (centrifuges, membranes, etc.) or thermal (rectification, absorption, etc.). In the separation systems of the second type, the set of realization regimes has the same form as for heat machines. Important rectification processes are those which consume most energy. 
The ratio of target mass flux g 1 and heat flux q + may be accepted as the thermal efficiency of the separation process
Using material balances of equation (9.1), we shall express g 2 in terms of g 1 and introduce a coefficient α = (x 1 − x 0 )/(x 0 − x 2 ). Then, the second flux satisfies g 2 = αg 1 . Equations (9.1) assume the forms
and
Here, s 01 = s 0 − s 1 , s 02 = s 0 − s 2 are entropy increases, whereas h 01 = h 0 − h 1 , h 02 = h 0 − h 2 are enthalpy increases in corresponding streams. It is mandatory that the concentrations of the key component in streams are prescribed.
We transform equation (9.3) to the form q − = q + + g 1 ( h 01 + a h 02 ) and substitute the expression obtained into equation (9.4) . The frontier of the realization set is characterized by the following equation:
Here, F = T − ( s 01 + a a 02 ) − h 01 − a h 02 . The increases of enthalpy and entropy contained in F have the forms
The entropy of mixing per one mole of mixture is
Note that the ratio T − /F depends on reversible factors only. In a reversible process entropy production σ vanishes, whereas thermal efficiency η attains a maximum. Ignoring F in equation (9.5) , this maximal η is the multiplier of heat flux (in multiplier's reversible estimation).
After finding the minimum possible entropy production σ evaluated for a prescribed productivity and kinetics of heat and mass transfer, and the dependence of this entropy production on kinetic coefficients and heat flux, it is possible to decrease the reversible estimate of efficiency of the separation process and the frontier form of the realization set.
As the streams are mutually proportional at prescribed compositions, any of them can arbitrarily be accepted as the productivity measure, including the stream of the separated mixture.
Whenever the Fourier-Onsager law can be used as an approximation of heat exchange kinetics (heat flux is proportional to the difference of averaged temperature reciprocals and mass flux, to the difference of chemical potentials), the minimal dissipation is proportional to quadratic heat flux, which means that the frontier of the realization set has the parabolic form
Then, the efficiency of a separation column in the maximum productivity regime is equal to one half of the reversible efficiency
Qualitative expressions linking characteristic coefficients a and b with parameters of the separation column were obtained [35] 
Here, A G is molar reversible work of mixture separation, equal to the difference between molar free energy of streams leaving the column and the free energy of raw stream; T D and T B are temperatures in the condenser and the kettle of the column; r is molar evaporation heat; β D and β B are coefficients of heat exchange in the condenser and the kettle; k is the effective coefficient of mass transfer in terms of a level variable of the column.
The realization set of this process can be characterized with only two coefficients a and b. This property allows one to state and solve many problems including the problem of sequence of separations. The coefficients a and b may be evaluated not only from equation (9.8); experimental results obtained in an existing column can also be exploited.
The property of one-to-one relation between the reversible efficiency and the efficiency in the maximum productivity regime is not accidental. The following condition, sufficient for η * to be independent of a, is valid.
The sufficiency condition for independence of η * of a
If the partial derivative ∂σ (a, b, q)/∂q depends continuously on some scalar function z(a, q) and the ratio σ (a, b, q)/q is a function of z, then the thermal efficiency in the maximum productivity regime is defined exclusively in terms of variables characterizing the reversible process. The condition is satisfied for thermal machines and for binary rectification. Figure 2 illustrates the nature of realization frontiers for the case when σ (a, b, q) satisfies the independence conditions with respect to a.
As the transfer resistance coefficients decrease the entropy production increases, and the magnitude of the maximum productivity shrinks, yet the points corresponding to maximal productivity and related heat flux remain on the straight line of the slope η * . 
Order of separation: rule of temperature multipliers
Let us assume that the substances are well ordered with respect to a property γ utilized in separation (boiling temperature may be such an order parameter in rectification). We shall normalize γ so that it will change between zero and one. The order of separation may be:
Direct: At the first stage a stream with components satisfying γ < γ 1 is separated. At the second stage, the separation divides the stream with large values of γ into two selected sub-streams. For the first one, γ 1 ≤ γ ≤ γ 2, and for the second, γ ≥ γ 2.
Reverse: At the first stage, the stream with components characterized by γ ≥ γ 2 is separated. At the second stage, the separation divides the stream with lower values of γ into two selected sub-streams. For the first one, γ 1 ≤ γ ≤ γ 2, and for the second, γ ≤ γ 1.
Entropy of separated streams decreases proportionally to the separation work with the multiplier RT 0 (product of the universal gas constant and the temperature of surrounding medium). We include this multiplier into A. Lowering of entropy of substance stream in reverse case should be compensated by an increase of entropy of heat flux, δs q = q(1/T − − 1/T + ), where the temperatures T + and T − refer correspondingly to supplied and rejected heat. Therefore, at each separation stage the heat flux is proportional to the separation work at this stage, with the proportionality multiplier K T = T + T − (T + − T − ) −1 . Temperature multipliers depend on the choice of the separation frontier, whereas summary heat consumptions (unlike summary separation work) depend on the order of separations. We designate by symbols K T1 and K T2 temperature multipliers corresponding to the separation frontiers γ 1 and γ 2, and by A 21 and A 22 separation works at the second stage for direct and reverse order of separation. We shall write down two expressions describing heat consumptions per one mole of incoming mixture, for direct and reverse separation order:
(11.1)
The difference of these consumption indices, the sign of which determines the separation order, is
For the negative difference, the direct separation order is recommended; for the positive difference the reverse separation order is more appropriate. In a multistage separation system, the above rule is valid for every two successive stages. It is easy to prove that the expression in square brackets of equation (11.2) is non-negative. Hence, the following rule of temperature multipliers holds [36] : the separation limits should be selected in a way ensuring a non-decreasing sequence of temperature multipliers from stage to stage. When a separation in maximum productivity regime depends on reversible efficiency only, the rule of temperature multipliers is valid in this regime too. Importantly, the information needed for calculating temperature multipliers is more easily available and more exact than the information describing process kinetics in the column.
Complementary information on thermal machines and separation operations is available in two recent books [30, 31] .
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